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J 
I.    Summary.       The  sign test can be used to obtain signifi- 

cance  tests for the population median under extremely general 

conditions.^ One disadvantage of the sign test for the median is 

the limited nUpber of  suitable significance levels available for 

a given liuaber lc>f observations.    If the observations ere dra%n as 

several subsets of specified sizes,   howpvor, a variation of the 

sign test can be applied using order statistics of order statistics 

of these subsets.    This  test furnishes a much wider variety of 

suitable significance levels and is valid under the same conditions 

as  the sign teat.    The purpose of thisHW^e is to investigate the 

power  efficiency of the significance tests for the median forced 

in this rpy for the particular case in which each observation is 

drtrn from the same normal population.    For the cases considered, 

It is   found that the porer efficiency is almost always decreased 

by using two or more subsets rather than all the observations as 

a single set;   sometimes  this decrease in power efficiency is very 

large.     Also,   for a given significance level,  it is found that the 

power  efficiency can vary notictably with the manner in which the 

test   is   formed. j^-  

2.    Statement of conditions and tests«      Consider n independöt't 

observations drawn from n (possibly different) populations which 

sa^ifif/ the oonditions 

/ 
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(i)   Eacn population has a unique median 

(li)  Each population is continuous at the median 

(i.e. its cdf is continuous at the median), 

(lii) The median of each population has the same Talue f 

The following significance tests compare f  with a given value P 

through use of these n observations. 

Let x(l|n),..., x(n|n) represent the valuegof the n observa- 

tions arranged in Increasing order of magnitude. Then the one- 

sided sign test off</Jls defined by 

(1) Accept f<%lf x(l|n)</>,. 

The significance level of this test is equal to 

(2) Pr[x(l|n)<:f]= (i)n^~ ■ ^, — . 
s=i 8, (n-«)J 

The one-sided sign test of f>f is defined by 

(3) Accept^>^ if x(nfl-l|n)>^) . 

The significance level  ol   this test is also given by  (2). 

An equal tail   sign test of f f. f>0 is given by 

U) n^D 
The significance level  of this test is equal to twice the value 

of  (2). 

Now suppose that the n independent observations were drawn as 

r subsets,   the kth subset being of size n^,   (k«l,...,   rs^nenjf.. .tnr). 

Then,   for givenot^ PrfxCc^jn wtfl can b« computed for the kth 
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subset by the use of  (2).    Let y, be the jth largest of xO* | n") 
i    1 , 

...,x(<<r|nr).    Then th? ralucs of Pr(yu<f)  and Pr(yu<fcyT)   cen be 

determined from elementary probability considerations by using the 

values of the Prhc^ln^c/'1 and the fact that the subsets are 

independent.    By appropriate choices  of r,  the n. ,   the^k, u» and T# 

significance tests with a wide variety of suitable significance 

levels can frequently be found. 

The subset tests  considered here  are restricted to  t^e following: 

(5) Accept f<f0il maxfx^li^);^!,...,^^ . 

The significance level of this test equals * 

£    Pr[x(^|nk)<f]. 

The one-sided test of f > f0i9 

(6) 

(7) Accept/^ if min[^(nkfl-(^|nk);k.l,...,£j>^) , 

The significance level of this test is also equal to (6). 

The equal tail test of ft f0 is defined by 

(8) 

Accept f^ if either «ax [x(^ jn^k-l,. ...rjcjj. 

or    min [xCr^f 1-^11^)^.1,...,£]>f0  . 

The significance level of this test is equal to twice the value 

of  (6). 

3.    Significance leTels.    Examination of the results of section 

2  shows  that the significance levels  of all of the tests   (1),   (3), 

U),   ($) i   (7),   (8)   are determined if the significance levels of 

tests  (1)  and (5)  are known.    Thus it is sufficient to restrict 

significance level considerations to tests (l) and (5)« 
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FroE e practical Tlewpolnt, the l»portant significance lerels 

for one-sided tests are In the .05 - .005 range. Table 1 contains 

a ll:t of the tests of type (1) which hare significance levels near 

this range for nil5. It Is seen that suitable significance lerels 

are not avallatle for n<i. Also tnere is a very limited choice of 

satisfactory levels  for all values  of  n fron 4 to 15  Inclusive. 

If the n observations are drawn as  subsets,  suitable slEnlfl- 

cance levels  are still not evalla  le  for n<^..     For nt6,   however,  a 

greater variety of  satisfactory levels  can be obtained.     In practice 

the   .05,   .025,   .01,   .005  slgnlfi.anc*  levels are of particular la- 

port%nce.    Table 2  sho^s  how closely  these levels can be approxlitated 

for test   (5).    The approximations  can be oade very close for n-12 

and at least as good for n>12. 

Thus,   If the observations are not drawn as subsets,   the nunber 

of suitable significance levels  Is very limited.    Drawing  t^e otserva- 

tlcns  6s  subsets  furnls-ies many more  satisfactory significance levels. 

Exarslnptlon of the power efficiencies  listed In Tables  1 ana 2 snows, 

however,   that noticeable efficiency can be lost by using  the sunset 

drawing  procedure 11  the observations  are a sample from a nortal 

population. 

4-     Pover effielen"/ uerlvatlons.     The power efficiency of a 

significance test  Is  ceflned In Hi3.     Essentially the  power effId- 
test /     . ency of a  slgnlMcance/yequals 100 m/n %,  where n Is  the  sample size 

for the given test and m Is the sample size (not necessarily Inte- 

gral) of the corresponding most powerful test at the same signifi- 

cance level whose power function Is approximately the seme as that 

of the given test. 
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For one-sided tests <>* f<f0pf
7 fa and syaaetrlcal tests of 

f i f*  the Best powerful test for a sample froa • normal population 

(onifnown variance)   Is  the approprlete Student t-test.    Also it it 

sofflclent to Halt Investigations  to the one-sided  tests  (1)  and 

(5).    As  shown In Q},  tests  (3)  and (i)   have the sajse power 

efficiency as  (1)  while tests   (7)   and (8)   have the saoe power 

efficiency as  test  (5). 

The power efficiencies listed In Table 1 were obtained froa 

Li,  Table h\  and will not be derived here. 

Let  the aoncal population have variance<r    and consider test (5) 

Power Function = 

(9) 

r 

wr.ere 

^ (£-r)/#, »tf) x_i 
vnf s «r^dx. 

- oo 

Tr.e  power function values  for test (5)   listed  In Table 3 were 

cozpjted frca (9).    The correspondlr^ t-test po»er function values 

»ere obtained  by   using  the normal  approxlaetlcn given In QJ .    The 

power efficiencies listed in Table 2 were obtained froa the  results of 
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Table 3. 

Examination of Tables 1 and 2 shots  that a  substantial asount   of 

information can be lost by usln^  a test of the form  (5)   rather t^n 

of the for»  (1).    The asymptotic  results  of ^3 J shorn  that test  (l) 

is always  at least 6},7% efficient.     Some of the  tests of Table 2, 

however,   ere only slightly more tnan 10% efficient.     On the other 

nsr.d,   some tests of type  (5)   hswe approximately the same power 

efficiency at the corresponding  types  (1)   tests.     For example,  the 

test 

Accept f< f0 if max  [x(8| 9) ,xU|3)]< f * 

cosperes very favorably with the  corresponding  type  (1)   tests. 

This  shows  thst the use of test   (5)   should not be  ccipletely avoided 

but thst the power efficiency of a test of this  type should be 

investigated before that test is  considered for application. 

Tests  having  the saae significance level and based on the 

same total nunber of observations  can have a »ide variety of power 

efficiencies depe  ding  on the »ay in »hlch the test  ir.  for^ea. 

Cor.siaer the case of  significance level  .0175 and  n a 15.    Table 

k contains  tr»e power efficiencies  of six tests  formed  in different 

ways.     Tnese  tests vary from ^2^  to  liS efficient.     Use of the test 

Accept/^ if max [xU|7),x(l|2) ,x(l|2) ,xU|o) <fe 

results in the loss of 8.7 sample values while only 3.85 sample 

values ere lost by  using the test 

Accept f<f0%L x(l2|l5)<f<> . 
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It is  to be obserred th&t ti« above pomer efficiency 

Investigations ere based on the assumption that the n observations 

are a sample froa a normal  population.    If there Is no reisen to 

believe  that the n observations ccrte froa the aase nonaal population, 

the po»er efficiencies ll£ted In Tables 1 and 2 may '-e far froa the 

true v&lues.     The te^ts formed by drawing the  observations as sub- 

sets alght be very efficient for certain non-normal situations. 
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TABLE 1 

Type (1) Teats nith Sifydficance Levels Near the ,05 - .005 Ran^e 

\                 Teat 
Sicnif- 
icance 
Level 

Approx. 
Effi-      1 

j    cioncy      j 
|               Teot 

Sienif- 
icance 
Level 

Approx. 
!      F.ffi- 
j    cioncy   j 

xaio< 9. .0625 95^       1 
!       x(5|5)< <p. .0312 '    96^     . 1 

|       x(6|6)< 9, .0156 95^ 

1        x(7|7)4 <?o .0070 <K% x(6|7)^<?0 .0625 eo* 

x(8|8)<^ .0039 95% x(7|8)<^ .0352 

1        x(8|9)< 9o .01Q5 B2% 

|      49|io)^90 .0107 80*        j X(6|10)4.9C .05A7 75* 

|      x(io|ii)<9# .0059 81* x(9|U)<9# .0327 76* 

X(10|12)<<?,O .0193 75*        | 

x(ll|13)<9)0 .0112 755       | x(10|13) cy, .0462 70*    | 

x(i2!u)<.9)o .0065 78*        | x(ll|U)<9<, |     .0287 73*    | 

x(13|15)<7)0 ,0037 78*        | x(12|15)<.9# .0175 74* 

i       x(ll|15)<8, .0593 70*        1 
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TARLF.  3  {Cr^rlc(!cf1) 

51 S;ui^ le 
Gize 

Aj.prox. 
hffi- 

ciency 

3irrif- 
icanc« 
L^vel 

Appro xi r.'ite Va 1 ■u.o s  c f I ov. *■ - " F ur.: tic 
^.iflcarice Test 

^=.6 ^«1.2 i «-.e 1   ^^.4      | 

i 
t 8 .0049 .089 .451 . 864 .WC       ; 

3),x(3 4.,x(5|^<^o 12 66« .0049 .115 .487 .82^ .9^5 

t 8.75 .0098 .184 .',00 .97^ 

i^-   xi 8 9;,xUJ3,]<^# 12 73% .0098 .200 .699 .959 

1 
i t 5.5 .0254 .189 .575 .696 .790        j 

1           L_ 1                 1 _J    / o 
12 45« .0254 .220 .588 .859 .965 

- 
1 
1 

t 6 .0508 .353 .811 .933 

: 

i 
5;,x(6|7; 

^. 
12 50< .0508 .376 .808 .973 
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